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1.  Introduction. 

The  broad  objective  of  the  research  project  reported  on  by  this  final 
report  was  "to  extend  the  state  of  the  art  for  the  quantitative  determination 
of  optimal  time-sequential  combat  strategies,"  with  emphasis  placed  on  extend¬ 
ing  the  state  of  the  art  for  developing  and  analyzing  analytical  solutions  to 
Lanches ter- type  equations  of  warfare  in  order  to  develop  insights  into  the 
dynamics  of  combat.  Most  of  the  research  accomplished  under  this  particular 
ARO  sponsorship  concerned  the  development  so-called  of  battle-outcome-prediction 
conditions  for  Lanchester-type  equations  (l.e.  conditions  that  analytically 
relate  the  outcome  of  battle  to  the  initial  conditions  of  the  differential- 
equation  combat  model) ,  although  a  certain  amount  of  effort  was  spent  on  sum¬ 
marizing  past  research  on  the  structure  optimal  time-sequential  fire-distribution 
policies.  A  motivation  for  investigating  battle-outcome-prediction  conditions 
for  Lanchester-type  equations  was  that  previous  research  had  shown  that  such 
conditions  are  crucial  for  developing  optimal  time-sequential  combat  strategies 
in  dynamic  optimization  problems  in  which  the  system  dynamics  are  provided  by 
such  Lanchester-type  equations  (see  TAYLOR  [l;2]  for  further  details). 

2.  Topics  Considered. 

Research  results  were  obtained  for  two  basic  topics: 

(1)  obtaining  insights  into  the  dynamics  of  combat  by  mathematically 
analyzing  relatively  simple  Lanchester-type  models, 

and  (2)  Investigating  the  structure  of  optimal  time-sequential  tactical 
decisions  with  such  simple  differential-equation  models. 

However,  research  efforts  were  primarily  concentrated  on  the  first  topic,  and 

new  research  directions  were  established  (e.g.  "ground-breaking"  work  on 

"simple-approximate"  battle-outcome-prediction  conditions) .  These  research 

efforts  have  focused  on  mathematically  analyzing  the  basic  paradigms  that  have 


been  the  point  of  departure  for  developing  combat  models  currently  used  by 
the  U.S.  Army. 


3.  Summary  of  Most  Important  Results. 

The  most  Important  results  of  this  research  may  be  summarized  as  follows: 

1.  force-annihllatlon-predictlon  conditions  (based  on  new  mathematical 
results  for  the  zero  of  a  nonoscillatory  [in  the  strict  sense]  solution 
to  the  second-order  linear  ordinary  differential  equation)  developed 
for  Lanchester-type  equations  of  modern  warfare; 

2.  occurrence  of  a  zero  point  of  a  nonoscillatory  (In  the  strict  sense) 
solution  to  the  second-order  linear  ordinary  differential  equation 
related  to  the  equation's  Initial  conditions; 

3.  algorithm  developed  for  numerically  determining  (complete  with  a  priori 
error  bounds)  the  so-called  parity-condition  parameter  for  predicting 
force  annihilation  in  homogeneous-force  combat  modelled  by  Lanchester- 
type  equations  of  modern  warfare; 

4.  "simple-approximate"  conditions  that  are  sufficient  (but  not  necessary) 
to  predict  battle  outcome  developed  for  several  Lanchester-type  combat 
models ; 

5.  methodology  developed  for  determining  conditions  under  which  it  is 
optimal  for  the  victor  to  initially  commit  as  many  forces  as  possible 
to  battle  in  Lanchester-type  combat  between  two  homogeneous  forces  by 
considering  the  instantaneous  casualty-exchange  ratio; 

6.  approximate  solutions  (and  associated  error  bounds)  developed  for 
several  Lanchester-type  homogeneous-force  combat  models. 

Further  details  may  be  found  in  Progress  Reports  No.  1-4  for  this  project  (see 

also  papers  and  interim  technical  reports  listed  in  Appendixes  A  and  B  to  this 

final  report). 


4.  Final  Remarks. 

The  above  results  allow  the  quantitative  behavior  of  solutions  to  variable- 
coefficient  Lanchester-type  equations  of  modern  warfare  to  be  analyzed  almost 
as  easily  as  that  for  solutions  to  Lanchester's  classic  constant-coefficient 
differential-equation  combat  model.  Such  results  will  be  useful  for  analyti¬ 
cally  investigating  optimal  time-sequential  combat  strategies  in  Lanchester- 


type  dlfferential-game/optlmal-control  problems.  Finally,  several  new 
research  directions  have  been  established  for  analytically  investigating  the 
quantitative  behavior  of  Lanchester-type  combat  models. 
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